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Abstract We prove the exact relations between the critical exponents and the susceptibility,
implied by the Haldane Luttinger liquid conjecture, for a generic lattice fermionic model or
a quantum spin chain with short range weak interaction. The validity of such relations was
only checked in some special solvable models, but there was up to now no proof of their
validity in non-solvable models.
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1 Introduction and Main Results

One dimensional (1D) electron systems can be experimentally realized [1, 2] and their
properties can be measured with increasing precision. Realistic models are very difficult
to study and most of the theoretical predictions for such systems (for some recent exper-
iments see [3]) are based on a number of conjectures, whose mathematical proof is quite
hard.

Kadanoff [4] and Luther and Peschel [5, 6] proposed that a large class of interacting 1D
fermionic systems, quantum spin chains or 2D spin systems belongs to the same universality
class. The critical indices appearing in the correlations are not the same (on the contrary, the
indices depend on all details of the Hamiltonian), but they verify universal extended scaling
relations between them, with the effect that all indices can be expressed in terms of any one
of them. Usually, such hypothesis is formulated by saying that there exists a quantity K,
whose value depends on the model, such that the critical indices can be expressed by sim-
ple universal relations in terms of K. The validity of such relations can be verified in the
Luttinger model, which was solved by Mattis and Lieb [7].

Haldane [8, 9] observed that in general even the knowledge of a single exponent is lack-
ing, while the thermodynamic quantities are usually much more accessible, both experi-
mentally and theoretically. He conjectured that certain relations between the parameter K
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and thermodynamical quantities, like the compressibility, are universal properties in a large
class of models which he named Luttinger liquids. In the case of models which can be ana-
lyzed by Bethe ansatz and belonging to such class, the Haldane conjecture allows the exact
computation of critical indices; indeed the Bethe ansatz by itself allows only the (partially
rigorous) computation of spectral properties but not of the exponents.

The Haldane relations can be verified in the case of the Luttinger model, where the exact
solution of [8, 9] allows to calculate all the spectral quantities and the correlations. In the
case of the XYZ spin chain model, whose ground state energy can be computed by the Bethe
ansatz [10], the relations can be verified assuming the validity of the Kadanoff extended
relations. The Haldane conjecture, stating that such relations should be valid in a general
class of models (solvable or non-solvable) has been the subject of an impressive number of
studies, see e.g. [11] for a review; we mention the RG analysis in [12] (valid only for the
Luttinger model) and the (heuristic) probabilistic approach in [13].

In more recent times, the Kadanoff and the Haldane relations are seen as a consequence of
the fact that conformal field theory provides a full classification of 1+ 1 dimensional critical
systems and the spin chain should be in the class of universality of the U (1) conformal field
theory with charge 1. Of course, it is implicit the assumption of a continuum scaling limit
description of the spin chain models, and it is well known that a mathematical justification
of it is very difficult, see e.g. [14].

Some of the Kadanoff relations have been proved in [15] for several (solvable and non-
solvable) planar spin models, by rigorous Renormalization Group methods. In this paper we
will extend such results to prove one of the Haldane relations for generic non-solvable lattice
fermionic models or quantum spin chains with short range weak interaction. For definiteness
(but our results, as it is evident from the proof, could be easily extended to 1-d fermionic
continuum models) we consider a quantum spin chain with a non local interaction, whose
Hamiltonian is

L-1 L
H==Y (IS8l +hSIST 1—hY Si+x Y va—ySisi+U;, (1)
x=I x=1

I=x,y<L

where §¢ =0%/2 fori =1,2,...,L and o = 1,2, 3, 0® being the Pauli matrices, and U},
to be fixed later, depends on the boundary conditions; finally v(x — y) = v(y — x) and
[v(x — y)| < Ce™ P If v(x — y) = §jy—y.1/2 and h = 0, (1) is the Hamiltonian of
the XX Z spin chain in a zero magnetic field, which can be diagonalized by the Bethe
ansatz [10]; a solution is known also for the general XY Z model, always for 4 =0 [16],
but in the other cases no exact solution is known.
It is well known that the operators axi = I—[’é ;} (—(r;)a;E are a set of anticommuting op-
erators and that, if 0 * = (¢! £ i02)/2, we can write
o S T +_

o, = a., o

X X a

a1 —
;Lemzy:l aay o) =2afa; —1. 2)
Hence, if we fix the units so that J; = J, = 1 we get

L—1

L
1 - _ o1
=S e st 3ot )
x=1

x=1

Y v y)<a;a; - %) (a;a; - %) + U2, 3)

1<x,y<L
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where U% is the boundary term in the new variables. We choose it so that the fermionic
Hamiltonian coincides with the Hamiltonian of a fermion system on the lattice with periodic
boundary conditions.

If O, is a local monomial in the S% or at operators, we call Oy = ef*0 0, e~
where x = (x, xo); moreover, if A= Oy, -+ Oy,, (A)pp = Trle PHT(A)]/Tr[e #7], T be-
ing the time order product, denotes its expectation in the grand canonical ensemble, while
(A)r.1 p denotes the corresponding truncated expectation. We will use also the notation
(A)r =limg g, o {A) 11,8

In recent times, constructive Renormalization Group techniques, combined with asymp-
totic Ward Identities, have been applied to the XY Z model [17-19]. The extension to the
general spin chain model (1) is immediate and one can prove that, for small A, J; = J, =1
and large X,

L4+Af(0)
(v2xg + X2/’

“

(agag)r ~ go(X%)

where f (1) is a bounded function (independent of x), 1 = agA®> + O (13), with a > 0, and

piwPFX

= S — 5
g0(%) ;MO o )
v =vp+0(R),  pr=cos ' (h+A)+O0R),  vp=sinpp. (6)

From (4) we see that the interaction has two main effects. The first one is to change the
value of the Fermi momentum from cos~' (k) to pr and the sound velocity from vy in the
non interacting case to v;. The second effect is that the power law decay is changed; the
2-point function is asymptotically given by the product of the non-interacting one (with a
different sound velocity) times an extra power law decay factor with non-universal index 7.

It was also proved in [17-19] that the spin-spin correlation in the direction of the 3-axis
(or, equivalently, the fermionic density-density correlation) is given, for large x, by

(SPSP)r ~ cos2prr) 2 (%) + 2 (). @
e 1+A(x)
@) = 272 [x2 + (v5x0)]¥+ v
3bgy _ 1 xg — (x/vy)? }
2@ = 272[x% + (v3x0)?] { x% + (vsx0)? Ay ®

with |A; (x)], |A2(x)] < C|A|and X = 1 —a;A+ O(A?), a; > 0. Finally, by using the results
of [21], one can prove that the Cooper pair density correlation, that is the correlation of the
operator pS = afaj +agay, X = (x + 1, x), behaves as

X X

1 4+ Asz(x)
272 (x? 4 v2xg) X~ ’

{(PxPo)T ~ (10)

with X_ =1+a,A + O(A?), a; being the same constant appearing in the first order of X, .
In the case J; # J, the correlations decay faster than any power with rate £ such that

E~ClJ — LI, (11)
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with b = 1 4+ a;A + O(A?), a; being again the same constant appearing in the first order
of X;.

Several physical quantities are expressed in terms of the Fourier transform of the corre-
lations; in particular, if we call

B/2

Qpp) = lim dxo ¥ ™SOSV s g, (12)
BL—oo | g/ § X
the susceptibility is given by
K:li_r}})fl(o,p). (13)

Note that, in the fermion system, x = k.02, where . is the fermionic compressibility and p
is the fermionic density, see e.g. (2.83) of [20] or (3.16) of [12].

Our results can be summarized by the following theorem, providing relations between
the exponents and the susceptibility defined above.

Theorem 1 For small ) and J, — J, there exists an analytic function K () such that

X, =K, X_=K7! (14)
b= —, =K+ K '-2, 15
V=5 Tk n + 15)
with
5(0) — D2
K=1-3207Cpr) 50 (16)
TSN pr
Moreover, if Jy = Jo,
- K vp?
Q(p) = ———— + R(p), 17

with vy = vr + O (L) and R(p) continuous and such that R(0) =0, so that,

1 K
K=——. (18)

T v

The relations (14) and (15) are the extended scaling laws conjectured by Kadanoff [4]
and Luther and Peschel [5, 6]. The critical indices, as functions of A, are non-universal and
depend on all details of the model; however, such non-universality is all contained in the
function K (1) (which is expressed in our analysis as a convergent power series expansion),
and the indices have a simple universal expressions in terms of the parameter K.

From (17) we see that, analogously to what happens for the critical exponents, the am-
plitude of the dominant part, for p — 0, of the density-density correlation Fourier transform
verifies an universal relation in terms of K and vy; on the contrary no universal relation is
expected to be true for the amplitude of the Fourier transform close to (£2pF, 0).

Equation (18) is an universal relation connecting the susceptibility defined in (13) with
K and vy; it is one of the two relations conjectured by Haldane in [8, 9] (see (3) of [8, 9],
where vy = (mk)~! and K = ¢?%). Note that in the case of the XY Z model (J; # J,) with
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h =0 the exponent v has been computed by Baxter and it has been found, see (10.12.24)
of [16],if cospu = —J3/J1 = A,

20
= 1+ 100, (19)
m b4

From (14) K~' = ¢ 2 =2(1 — %). Moreover from the Bethe ansatz solution [10] exact
expressions for v and « can be obtained,

vo= Lsing,  k=[2n(t/fi—1)sina]™", (20)
m

so that (18) is verified. In general «, K, v; depend on the magnetic field # and the specific
form of the interaction v (k) (such dependence is simple at first order, see (16), but in general
quite complex), but our theorem shows that the Kadanoff and Haldane relations (14) and
(18) are still true. This is the first example in which such relations are proven in generic
non-solvable models.

The proof is based on a rigorous Renormalization Group analysis of the correlations of
the spin chain allowing to write them as convergent series in terms of a set of running cou-
pling constants. Subsequently, one introduces a reference model, given essentially by the
scaling limit of the spin chain, whose correlations can be also written as convergent series
in a set of running coupling constants which are asymptotically the same as the ones ap-
pearing in the spin chain analysis, if the coupling constant of the reference model is chosen
properly. The exponents in the two models coincide and, on the other hand, the Schwinger
functions of the reference model obey to Ward Identities, which imply the relations between
the exponents (14), (15) stated in the Theorem; the proof of this part of the theorem is very
similar to the one in [15] in the case of planar spin model. The main novelty of this paper is
the proof of the Haldane relation (18), so we will focus on its derivation. One starts from the
proof that the correlations of the spin chain and the reference models are asymptotically the
same, up to some renormalization constants (see Lemma 1). Such constants are expressed by
complex convergent expansions (see Appendix B for their lowest order computation), and
the validity of the relation (18) would be implied by the validity of certain relation between
such constants; however, it looks impossible to check directly these relations by using di-
rectly that expansions. On the other hand, there is a Ward Identity for the spin chain, that can
be computed in two different ways, either by using the equivalence with the reference model
or directly by the continuity equation (see Appendix B) following from the existence of a
well defined lattice Hamiltonian; this fact provides a relation between the renormalization
constants which at the end implies the relation (18).

The main ideas of our proof should be understood also from people who did not read our
previous papers; hence we shall refer to them for the proof of several technical results that
we need.

2 Proof of Theorem 1

As the interaction modifies the value of the Fermi momentum and of the sound velocity, it
is convenient to include some part of the free Hamiltonian in the interaction part, by writing
(3) in the following way (we will consider the case J; = J;, but (14), (15) holds also for
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J1 — J, not too large)

L L
H=H,+v Za;“a; - SZ[COS prafa; —(al a; +ata; )/2]

x=1 x=1
+ A Z v(x — y)aja;a;ra;, (21)
1<x,y<L
with
o L
Hoz_i E[a:“;ﬂ +agy,a; —2cos prala] 22)
x=1
and
cospp=—A—h—v, vs = vp (1 +9). (23)

Note that, if H = Hy, the Fourier transform of the 2-point function is singular at k =
(£pr,0) and the sound velocity is v,;. The parameter v is chosen as a function of A and
pr, so that the singularity of the Fourier transform of the two-point function corresponding
to H is fixed at k = (£ pp, 0); the first equation in (23) gives the value of & corresponding,
in the model (3), to the chosen value of pr. On the contrary, the parameter § is an unknown
function of A and pr, whose value is determined by requiring that, in the renormalization
group analysis, the corresponding marginal term flows to 0; this implies that v; is the sound
velocity even for the full Hamiltonian H.

It is well known that the correlations of the quantum spin chain can be derived by the
following Grassmann integral, see [17]:

V9 _ / P(dip)e™ Y+ dxlixosctTuish [ dxigd s +65 0, (24)

where ¥ and ¢ are Grassmann variables, Jy and Jy are commuting variables, [ dx is a

shortcut for Y, [* ZZ

¥ with covariance (the free propagator) given by

1 X( —Mk )eiéMk()eik(x—y)
gux—y=— Yy L2 : (25)
BL —iko + (vs/vF)(cos pp — cosk)
B

dxg, P(dyr) is a Grassmann Gaussian measure in the field variables

keDy,

where x (f) is a smooth compact support function equal to O if |f| > y > 1 and equal
to 1 for |t| < I, k = (k, ko), K- X = koxo + kx, Dp g =Dy x Dg, D = {k =2nn/L,
neZ,—[L/21<n<[(L-1)/21}, Dg={ko=2(n+1/2)7/B,n € Z} and

V(y) =2 / dxdy5(x — Yy Uy vy +v / dxyd s

5 / dX[cos priri vy — (Wi Ve + U U5 /20,
with &; = (1,0), v(x —y) = §(xo — yo)v(x — y). Moreover
=iV k= Qive) T e Vs — Vi e, - (26)
Note that, due to the presence of the ultraviolet cut-off yM, the Grassmann integral has a

finite number of degree of freedom, hence it is well defined. The constant 6,; = 8/« M is in-
troduced in order to take correctly into account the discontinuity of the free propagator g(x)
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1090 G. Benfatto, V. Mastropietro

at x = 0, where it has to be defined as lim,,_.o- g(0, xo); in fact our definition guarantees
that limy;_, o gy (X) = g(x) for x # 0, while limy;_, oo g3(0,0) = g(0,07).
We shall use the following definitions:

3 92 3

G , —Wn(J, J, 0>

®y.2)=_lm =7 Aoy 0y (T Dly=jmgmo
2 ) = o ——— Wi (J, ], )]

X,¥,z s Jy —J=b=0"

y -1, N%oo 3] APy 0, M I=1=¢=0

€2))
2

0 -
2 _ : -
G (Y’ Z) - 7[,]/1\/m 8¢7 a(z)z WM (J7 15 ¢)|]:]:¢:07

2

Ggi)(x y) = ] N—>oo YA 3] W (J, .i, ¢)|J:j:¢:o~

The Fourier transforms Gz(k) and Ggﬁj (p) of G*(y, z) and G/Zi(;) (x,y) are defined in a way

analogous to the definition of fl(p) in (12). Moreover, we define the Fourier transforms of
Gi'l, a=p,]J,so that

1 _ oA
Gi,l (X, y, Z) — m Zelpx—z(k+p)y+zsz§,l (k, Kk + p). (28)

The Grassmann integral (24) has been analyzed in [17-19] by Renormalization Group
methods; by choosing properly the counterterms v and §, one gets expression which
are analytic in the coupling constants, uniformly in g, L, M. The correlations obtained
from the Grassmann integral coincide with the correlations of the Hamiltonian model
(21) as M — oo. By such analysis the asymptotic expressions (7) and (10) are proved, and
the critical indices n, X4, X_, and v can be represented as power series in the variable
F = A_oo/Vs, Where A_o, = A + O(A?) is the asymptotic effective coupling. Such series are
convergent for r small enough and their coefficients are universal, that is model indepen-
dent. Moreover, v, and A_,, can be represented as power series of A, convergent near A =0
and depending on all details of the model, so that this property is true also for the critical
indices. The fact that the critical indices can be represented as universal functions of a single
parameter implies that they can be all expressed in terms of only one of them; however, to
compute explicitly such relations, by only using the complicated expansions in terms of r,
looks impossible.

The key observation is to take advantage from the gauge symmetries present in the theory
in the formal scaling limit. We introduce a continuum fermion model, essentially coincid-
ing with the formal scaling limit of the fermion model with Hamiltonian (21) (which is a
QFT model), regularized by a non local fixed interaction, together with an infrared y’ and
ultraviolet ¥ momentum cut-offs, —{, N > 0. The limit N — oo, followed from the limit
| — —oo, will be called the limit of removed cut-offs. The model is expressed in terms of
the following Grassmann integral:

VN8 / P @y NV VYN ATy [axZO 0 29 Koo

X eZZw:i ./'d"['/’;gw%xiw‘mﬁ;w'/f“‘N]] , (29)
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where
Pxo = YLyl V= (30)

x € A and A is a square subset of R? of size y ', say y /2 < |A| <y, Pz(dy"N) is
the fermionic measure with propagator

1 [,N] oikx XlN(k)
— 8 (X—Y) = LZZ e 3D

where Z and ¢ are two parameters, to be fixed later, and y; y(k) is the cutoff function.
Moreover, the interaction is

Y () = 2 Ep3 / dx / T S i (32)
where vo(x —y) is a rotational invariant potential, of the form

1 n ip(x—
(X =) =75 ) fo@e™, (33)
p

with |9 (p)| < Ce P!, for some constants C, i, and 9y(0) = 1. We shall use the following
definitions, analogous to the definitions (27) of the quantum spin chain:

02 -
,hpw(X y. Z) _IN Do 9, WWI.N(L J7¢)|j:i:¢:07
a 92 -
G 0%y, 2) = B }{gw o WWI,N(Ja J D jp=o
y,0 0 Pz,0
(34)
92 ~
Gho(y,2) = WWLN(J, Sy jp—o
2
,h,,,,(x y) = 7le003J ol Win( T, ), ;

The Fourier transforms G,zh (k) and Gth .p(P) of G}y, 2) and G,h o0
in a way analogous to the definition of Q(p) in (12). Moreover, we define the Fourier trans-
forms of Gth w4 =P j,asin (28).

In §3 of [22] (see also §4 of [15]) it has been proved that, for small oo and for non-

exceptional momenta (that is K, p and k — p different from 0),

(x,y) are defined

. 1 1
Z|:_1POZ(3) Gk, k+p)+wpcz Gyl (K, k+p>}

= AlG},,, () — G}, (k+p)],
(35)

o 1
Z[—lpoz(_ GLl L k+p) +op e

G2l
yAC) fh,p;w(k’ k+ p)]

=wA[G),, (k) — G, (k+p)].
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with
~1 i1 Moo
AT =1—r1, AT =141, T=—". (36)
4rc
Equations (35) are the Ward Identities associated to the invariance of the formal Lagrangian
with respect to local and local chiral Gauge transformations. The fact that A, A are not equal
to 1 is a well known manifestation of the anomalies in quantum field theory; naively, by a
gauge transformation in the non regularized ill defined Grassmann integrals, one would get
similar expressions with A = A = 1. Finally, the linearity of A~!, A~ in terms of A« is a
property called anomaly non-renormalization and it depends crucially on the regularizations
used; with different regularizations such a property could be violated, see [21].
An easy extension of the results given in [22] allows us to deduce also a set of Ward
Identities for the continuum model correlations of the density operator py ,, defined in (30).
To be more precise, let us consider the functional

V) =/PZ(dw)e*V(M(ﬁ'/’)*Zwfd"Jxxv/’xw, (37)

and let us define
2

. 0 ~
Gow(Xy) = 71’11{}200 mw(1)|1=0~ (38)
In Appendix A we shall prove that, in the limit —/, N — oo,

. A 1
D, (p)Go.o(P) — T Uo(P) D—0(P)G -0, (P) + inozz D-e® =0,
wcZ 39)

D_(P)G 0 (P) — T 00(P) Doy(p) Gov () = 0,
where
D, (p) = —ipy + wcp. (40)

By using (39) and 0y(p) = 1 + O(p), we get:

G = — 2y ——— Do)
v =T el =) Do) "
(41)
. 1
G—w ® = T o T 1 o~ 0 s
«(P) 72 4l — 1) + O(p)
which implies, after a few simple calculations, that
. 1 (Z9[D_(p) , Di(p)
GY = 2t |+ O(p). 42
oo = gmeZZ 1=22 | Dopy T Dopy 27| TO® (42)

The crucial point is that it is possible to choose the parameters of the continuum model
so that the correlations in the two models are the same, up to small corrections, for small
momenta.

Lemma 1 Given A small enough, there are constants Z, z®, 2(3), Moo, depending ana-
Iytically on A, such that, if we put ¢ = vy, the critical indices of the two models coincide.
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Moreover, if k <1 and |p| <k,

A0,2 A0,2

Gp,p(p) = Glh,p,p(p) +A,,P), 43)

with A, ,(p) continuous in p and O(A). Finally, if we put p = (0, wpr) and we suppose

that 0 <k < |pl, K|, K —p| <2k,0 <O < 1, then

G2 (K +pp. K +p+pp) =Gyl K K +p[l+ 0k,

2,1
th,jo

Gy (K +pp. K +p+pp) =G5l K K +p)l+ 0k,

G (K +p2) =G>, )1+ 0]

th,w

This Lemma will be proved in the next section; we now exploit its implications.

By combining (44) and (35) we find that

—ipo G2 (K +pp. K +p+py) +op 5,67 (K +pL.K +p+pp)

e . .
:m[Gz(k’ﬁ—p?)—Gz(k’-i-p-l-p?)][l + 0(™)]
and
—ipo G7' (K +pp. K +p+py) +wp inG2 (K +pLK +p+py)
2(3) A2 L/ 0] A2 L/ 0) D2
Zm[G &K +pp) — G*K +p+pP]l1+ 0],
with
i 703) i 70
UNZUX%7 U]:vsﬂ-

(44)

(45)

(46)

47

On the other hand, a WI for the model (3) can be derived directly from the commutation

relations, see Appendix B; one gets
—ipo G} (K + 3, K +p+pP) +op vrGl (K +p7, K +p+pp)
=[G*® +pP) — G* K +p+pP]ll + 0]
Hence, if we compare (48) with (45), we get the identities

Z(3)
(1-vZ

, Vjy =Vf.

Moreover, in Appendix B we also show that
G%2 (=0, ifp=0.py),

and this fixes the value of A,,(0) so that

A Z3)2 D_ D
G%i) () = ( ) |: () +(p)

47TU5Z2 1— ()"00/47[”3)2 - D+(p) - D_(p)] + R(P),

(43)

(49)

(50)

(D
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with R(0) = 0. Since Q(p) = G%2 (p), by using (49) and (13), we get (17) and (18), with

(o L @02 1 G/t
T 221 — (o472 1+ (hoo/ATvy)

(52)

It has been proved in Theorem 4.1 of [15] (where we used ¢ = 1) that the critical indices
of the model (29) have simple expressions in terms of 1; if we take (4.26) of [15] and we
put T = A /4mvy, We get:

(Moo /27 V) (Moo /27 V)

T TH Gofdmny) = T G amvy ©3)

this implies the relations (14), with K given by (52). Equation (16) follows from the remark
that, at the first order, Ao, = A_, While A_.,, which was imposed to be equal in the two
models, is related to A (always at the first order) by the relation A_,, = 2A[0(0) — 9(2pFr)].
By using the identity (4.21) of [15] (where 7 is denoted n,), we get also the second identity
in (15). Finally the above RG analysis can be repeated also in the case of J; — J, not too
large, see [17]; the exponents are independent from J; — J, and a new exponent v appears.
The first identity in (15) is proved as (1.11) of [15]; note that v is different from the index v
appearing in [15], but one can see that this difference only implies that one has to replace,
in (1.11) of [15], x4 with x_. The proof of Theorem 1 is completed.

Remark 1 Note that in the WI (45), (46) for the model (21) three different velocities appear.
This is due to the fact that the irrelevant operators (in the RG sense) break the relativistic
symmetries present in the model in the scaling limit and produce different renormalization
of the velocities. Note also that the velocities vy, v; defined in (47) verify the universal
relation

v N v J= Uf. (54)
Remark 2 The constraints (49) and (50) on the renormalization parameters of the continuum
model, which describes the large distance behavior, are a consequence of the existence of a
well defined lattice Hamiltonian.

3 Proof of Lemma 1

The proof of the lemma is based on the RG analysis of the Grassmann integrals (24) and
(29), described in [17-19] and [21, 22], respectively.

Let us recall briefly the analysis of 24. Let T'! be the one dimensional torus, ||k — k|1
the usual distance between k and k" in T' and |k|| = ||k — 0|. We introduce a scaling
parameter y > 1 and a positive function x (k') € C®(T' x R), k' = (K, k), such that
x(K) = x(=K) = 1if [K'| <ty =apvs/y and =0 if [K'| > ap where ap = min{ZF, =X}
and [K'| =, /ké + (vg||k’||71)?. The above definition is such that the supports of x (k — pr, ko)
and x (k + pr, ko) are disjoint and the C* function on 7! x R

A& =1— xk— pr,ko) — x(k+ pr, ko) (55)

is equal to 0, if [[|vs(|k| — pr)ll1 1> + k3 < 123
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We define also, for any integer 2 <0,

Fi®&) = x (y 'K — x (y K. (56)
We have
x(K) = ZO: Fu(K), (57)
h=hy g
where
hy g =min{h : 1op" " > /(B2 + (vw L-1)2). (58)

Note that, if 7 <0, f,(kK) =0 for K| < toy"~! or [K| > toy"*!, and f,(K) =1, if
|K'| = fyy". Let us now define:

Fo &) = filk = pr.ko) + fulk + pr. ko). (59)

This definition implies that, if & < 0, the support of fh(k) is the union of two disjoint sets,
A; and A, . In A,k is strictly positive and ||k — pgll1 < toyh <ty, while, in A, k is
strictly negative and ||k + pr|l;1 < toy". The label 4 is called the scale or frequency label.
Note that

1
1= )" fullo; (60)

h:hL,ﬂ

hence, if we approximate pp by (2z/L)(nr + 1/2), ng equal to the integer part of
Lpp/(2m), and we define D} = {k' =2(n+1/2)n/L,n € Z, —[L/2] <n <[(L — 1)/2]}
and D/LJ3 =D} x Dg, we can write:

0
gx—N=gPx—y+> Y et i(x—y),

w::th:hLylg
1 ke f1(k)
W(x—yv) = — ik(x-y) 61
£ =y) BL 2 ¢ —iko + (vy/vF)(cos pp — cosk)’ D
keDy g
1 i Sn(K')
W (g — vy — iK (x—-y)
S (X=¥) =gy Z ¢ Ziko + E,(K)’
k’eDL_ﬂ
where
E, (k') = wvgsink’ + (1 + 8) cos pr(1 — cosk’). (62)

Let us now describe the perturbative expansion of W; for simplicity we shall consider
only the case ¢ = 0. We can write:

ewu,i.m=/P(dwso)/P(dwa))e—v<w>+fdxuxpx+ixjx1

_ o LBEo / Py =0y WO EOG.00) 63)
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where, if we putx = (x1, ..., X2,), @ = (@1, ..., w3,) and Vs , = [T/_; ¥, | B Vs
the effective potential V© (/) can be represented as
VoW =>"%" / dxW,), (0 o, (64)
n>1 o
the kernels Wa(f%n (x) being analytic functions of A and v near the origin; if |[v| < C|A| and
we put k = (K, ..., Ks,_1), their Fourier transforms satisfy, for any n > 1, the bounds, see
§2.4 of [17],
W0, ()| < C|ajmexttn=tl, (65)

A similar representation can be written for the functional B© (=0, J, J), containing all
terms which are at least of order one in the external fields, including those which are inde-
pendent on =0,

The integration of the scales & < 0 is done iteratively in the following way. Suppose that
we have integrated the scale 0, —1, —2, ..., j, obtaining

j _ . iv —vW( [z wsi WD /7w J. ]
eW(J,J,O):e LﬁEj/PZ]-,Cj(dej)e v le// N+BY)( Zjlll /,J,f)’ (66)

where, if we put C;(K) ™! = Z{;:hm fu(K'), Pz; c; is the Grassmann integration with prop-
agator

1 . 1 . c ik
Ly = Y ey S (67)
Zj Zj IBL KeD! —lko + Ew(k )
L.B
VU (y) is of the form
VI =Y [ axwih @, (68)
n>1 o

and BY (y=/, J, J) contains all terms which are at least of order one in the external fields,
including those which are independent on =/, For j =0, Z, = 1 and the functional V®
and B© are exactly those appearing in (63).

First of all, we define a localization operator (see [17, 18] for details) in the following
way:

A . Z. Z;
LY/ Zjp) = y'n; ﬂ_li > ViV T ﬂ_i 2 EMO Vi
k k

7.
+ Z-fﬁ_i D (—iko) ¥ Ve,
k

Z?
+ lj(,BTJ)“ Z W;+Wl;p,+‘/fk+’,—wl;+p,—’ (69)
k] ,k’,p
_ zj"
KB(J)(\/ZW) = (IB;L)Z Z Jo [Z Wl:w‘ﬁk_—p,w]
k,p 2]

(2)

+ m % JP+2‘UPF [; I//lztwllfkifp,fw]
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Z0

+ (ﬂ;L)z kXp: ‘]P [Xw: @ wlj?wwlzfp.w:|

Z(Z)

+ GLr g Tp 200 [Z w w.zww,:_p,_w], (70)

where pr = (pr, 0). This definitions are such that the difference between —V) + BY) and
— LYY + £BY is made of irrelevant terms.

The constants appearing in (69) and (70) are evaluated in terms of the values of the
corresponding kernels at zero external momenta. Since the space momentum k of wkf » 18
measured from the Fermi surface, this means that the external momenta corresponding to
the fermion variables are put equal to (wpr, 0), while p is put equal to (0, 0). On the other
hand, it is easy to see that the kernel multiplying Jv v~ is even in the exchange k — —k
(k is here the true space momentum, not the momentum measured from the Fermi surface),
since both the propagator and the interaction are even, while the kernel multiplying Jv v~
is odd in the exchange k — —k, because of the parity properties of the current jy. These
considerations are used in the definition of the constants in (70).

We then renormalize the integration measure, by moving to it some of the quadratic terms
in the rh.s. of (69), that is z;(BL) ™" Y [—iko + E,(K)]¥y ¥ ,; the Grassmann integral
in the r.h.s. of (66) takes the form:

iy —pW) =) ()] =i gJ
/ Py, ¢ ('S VIRV ERWEVELD, (71)

where V) is the remaining part of the effective interaction and Py ¢ (d¥=7) is the mea-
sure whose propagator is obtained by substituting in (67) Z; with

Zia(k)=Z;[14+2,C;k. (72)
It is easy to see that we can decompose the fermion field as Y=/ = y=/=1 4 () 5o that

PZj,],Cj (d‘(//S]) = Pijlstfl (dl/f(fjil))PZji ‘ff_l (dw(J))! (73)

1

where fj (k) (see (2.90) of [17]) has the same support and scaling properties as f; (k). Hence,
if make the field rescaling ¥ — [\/Z,_1//Z;1¥ and we call VY (/Z,_1¥=/) the new

effective potential, we can write (71) in the form

/Pz,,l,cj,l(dlp(s.f—l))/PZjiqu._j‘,](dl/,(j))
% e VPWZW=h+BD(JZm v 1.0) o

By performing the integration over v, we finally get (66), with j — 1 in place of j.
In order to analyze the result of this iterative procedure, we note that £V (v) can be
written as

LY (Y) =y /v F, () + 8; Fo () + A F (), (75)
where F, (1), F,(¥) and F; (¢) are the functions of ¥, which appear in (69) in the terms
proportional to 7, a; and [, respectively. v; = (\/Z;//Zj-)n;, 8; = (Z;/\/Z;j-)(a; —
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1098 G. Benfatto, V. Mastropietro

zj)and A; = (JZ/, /Z;_1)*; are called the running couplings (r.c.) on scale j. In The-
orem (3.12) of [17] it is proved that the kernels of V) and BY) are analytic as functions
of the r.c., provided that they are small enough. One has then to analyze the flow of the r.c.
(the beta function) as j — —oo. We shall now summarize the results, explained in detail in
[17, 19].

The propagator g4/ (x —y) of the single scale measure Pz,-_l g can be decomposed as

i, 1
8=y =g, X =Y &=y, (76)
J
where
1 11 K fik)
—g) (X—y) = —— ekoy I 7
Z; Z; BL keDy g —iko + wvsk

describes the leading asymptotic behavior, while the remainder r;(x —y) satisfies, for any
M > 0and 9 < 1, the bound

J/(1-H9)./' Cus

Z; 1+ ix—yM)

lrjx =yl = (78)

We call th) the values of Z; one would obtain by substituting V@ with £V and by
putting r, = 0 for any & > j and we observe that, by (4.50) of [17],

(th)

L L < Cyay?. (79)
Zi 1 thf)l -

(76) and (79) imply that, see §4.6 of [17], the r.c. satisfy recursive equations of the form:

A=A +BY O h) + B (Mg, 85,0555 Aoy 80, v0),

81 =8+ B (A, 8}, vj5 ... 3 Ao, 80, W), (80)

Vo =YV +/3,Ej)()\.j,6j, V5.3 A0, 80, Vo),
U BY BY) BY) can be written as convergent expansions in their arguments, if
)
)

where S
£; =maxj<p<o max{|A,l, [6,], |vy|} is small enough. By definition, 8,”" is given by a sum of
multiscale graphs (collected in Gallavotti-Nicolo trees, not to be confused with Feynman
graphs; their precise definition is, for example, in §3 of [17]), containing only A-vertices
with scale < 0 and in which the propagators g/ and the wave function renormalizations
Zy, 0> h > j, are replaced by g[(]};)w and Z;L[h), 0>h=>j; Bi’ ) contains the correction terms
together with the remainder of the expansion.

The following crucial property, called vanishing of the Beta function, was proved by
means of Ward Identities in [19]; for any ¥ < 1,

1B (g A< Colag Py @1)
It is also possible to prove that, for a suitable choice of §,v = 0(}), §;,v; = O(y”j)_»j),

if A j = Supy; |A|, and this implies, by the short memory property (exponential decreasing
contribution of the graphs with propagators of scale & > j, as h — j grows, see the remark
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after (4.31) of [17]), that ﬂ(’) O(y”’)?) so that the sequence A; converges, as j — —o00,
to a smooth function A_g, (1) = A + O(Az) such that

Ihj = Aol < CopaPy™. (82)

In a similar way we can also analyze the renormalization constants Z;") and Z;"‘), a=1,2,
defined in (70), and the field strength renormalization Z;; we can write:

T =1 By ko) BP0 855 o o), (83)
J

VAR , .

—w =1 B g ko) + By (R 83 2o, B0). (84)
J

A ,

ﬁ—wﬁg?a)(xj,.. o)+ B GG 85 ko B0, (85)

where, by definition, the ﬂ,(j ) functions (with t =z, (p, ) or (J, )) are given by a sum of
multiscale graphs, containing only A-vertices with scale < 0 and in which the propagators
¢ and the renormalization constants Zj,, Z\*, Z\’,0 > h > j, are replaced by 81(2,)(,)’ AL

Z!" and Z\"® (the definition of Z " Z('h ®) is analogue to the one of Z"); the B’
functlons contain the correction terms together the remainder of the expansion. Note that,
by definition, the constants Z; U are exactly those generated by (83) with BZ(’ ) = 0. Note that

BY) = O (X ;y") and, by using (82) and the short memory property (see e.g. §4.9 of [17])
g 20) =B 0o s o) + OO, (86)

This implies that there exist, if w is small enough, analytic functions n;(w), t =
z,(p,a), (J,a), of order A2 for t = z, (p, 1), (J, 1) and order A for t = (p,2), (J,2), such
that

llog, (Zj1/Z;) = 0:(A-oo/Vs)| < CopA7y",
llog, (241 /Z\) = np.a(hose/V5)| < CoA2y™, 87)
[log,, (24, / Z\) = 11 (koo /V5)| < CoA?y".

The fact that the critical indices n, are functions of A_., /v, (not of A_,, and v, separately)
is not stressed in [17, 18], but follows very easily from dimensional arguments. It is also
easy to see that (see [18], §3.4), since the propagator (77) satisfies the symmetry property

8 (k, ko) = —iwg\]) (—ko/vy, vk), (88)

then 7, o (w) = n;(w), @ = 1, 2. Moreover, by using the approximate Ward identities as-
sociated to the linearity in k of g,(,jl)w(k)*‘, one can show (see Theorem 5.6 of [17]) that
Nz ="1p,1-

The analysis of the functional (29) can be done in a similar way. Even in this case, we
shall only sketch the main results, by referring to [22] and [15] for more details. Again we
perform a multiscale integration, but now we have to consider two different regimes: the
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first regime, called ultraviolet, contains the scales 0 < h < N, while the second one contains
the scales i < 0, and is called infrared.

After the integration of the ultraviolet scales, see [15, 22] (where the external fields J, J
are substituted by two equivalent fields J,, w = £1), we can write the r.h.s. of (29), with
¢ =0, as

lim lim | Py(dy=0)e VWO @D, (89)
[——00 N—>oo

where the integration measure has a propagator Z~ g,(h S))(X —y), given by (31) with N =0;
moreover, V© and B© are functionals similar to the functionals V© and B© of (63), with
the following main differences. First of all, £V©® can be written as in (69), with E, (k) =
cwk, ng =0, agp = zo (these two properties easily from the symmetries of the propagator)
and Ao replaced by a new constant Xo; moreover, £LB© can be written as in (70), with
Z(z) = Z(z) = 0 (since no term proportional to ¥f v, _, can be present) and z, Z(l)
replaced by two new constants Z; ) Z ®) Hence, we can analyze (89) as we did for (63),
but now we have only one r.c., to be called e j» and three renormalization constants, 7 s Z ®
and Z; 79 , taking the place of Z;, Z; D and Z; A% , respectively. It follows that A — Aoo, @S
j — —oo, with A_oo an analytic functlon of Ao, such that A_oo = AO + 0()%). On the other
hand, 5»0 is an analytic function of A, and Xo = Aoo + O(Aio), see [22]; hence there exists
an analytic function A (w), such that, if A, is small enough,

hoo = h (o). (90)

Moreover, the flow equations of the new reno_rmalization constants can be written as in (83),
(84), (85), with different functions 8’ and B\, t = z, (p, 3), (J, 3). However, if we put

c=vy, ©On

the functions ,B,U ) are the same as before, as a consequence of the definitions (77) and (31).
It is then an immediate consequence of (76), (79) and (86) that

108, (Zj-1/Z;) = 1:(h—oo/v:)| < Cy 22y,
log, (Z1/Z5) = 1.1 (hose/V5)| < Cor?y ™, 92)
llog, (Z/Z) = 151 (coe /05| < Cpay™

where n,(w), n,,1(w) and n;;(w) are exactly the same functions appearing in (87). Hence,
if we choose A, given A, so that

Moo = A oo 93)

which is possible if A is small enough, the critical indices in the spin or in the continuum
model are the same.

We have now to show that the parameters Z, Z® and Z® of the continuum model (with
¢ = vy) can be chosen so that (43) is true. To begin with, we prove that they can fixed so
that, for any j <0,

~ 2
|Z; — Z;| < Cylrlyz/,

(94)
1z —zP 1= Conly ¥, 120 =201 = Colaly B,
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Let us prove the first bound. By using (87) and (92), we see that there exist b; (1), b, b i (A)
and l;, such that

Zi=bj(\)y ", Z;=2Zb;(\)y ", (95)

with |b; (1) — b| < Cy|x|y™ and |b;(A) — b| < Cy|A|y”/. Hence, since ¥ — 1, > 9/2, for A
small enough,

Zb;()
bj(A)

1—

~ 9 .
|Z; = Z;1=2; =Cylily 2/, (96)

provided that we choose Z = b/b. In the same way we can choose the values of Z® and
z0.

Note that the values of Z® and Z® are expected to be different, even if the asymptotic
behavior, as j — —oo, of Z§.3) and 253) is the same. This follows from the fact that the
“remainder” r; in the representation (76) of the propagator breaks the symmetry (88), which
the relation 7, =1, is based on. This expectation is confirmed by an explicit first order
calculation, see Appendix C; we see that Z® =1 —ai+ O0(K2) and Z® = 1 +ar+ 012,
with

[9(0) — 92pp)]- o7

a =
2 vy

Note that this expression is in agreement with the identity (52), since, at first order A_, =
hoo = 20[0(0) — D2pp)].

In order to complete the proof of (43), we use the representation of (SS)S(()}))T, given in
[17], (1.13), that is

(SD587); = cos2pra)R2° (x) + Q7 (%) + Q°(x), 98)

where the first two terms represent the leading asymptotic behavior, while ¢(x) is the
remainder. In [17] we proved that, if ¥ < 1 and » is a positive integer, then

C, . c
WIS s 1901 (99)

where X = K is the critical index (16). Moreover, by definition (see §5.9 of [17]), Qi
is a sum of multiscale graphs containing only A-vertices with scale < 0 and in which the
propagators g and the renormalization constants Zj,, Z}(ll), 0> h > j, are replaced by
g, and Z{™, Z\™ Y Tt can be written (see (5.39) and (5.43) of [17]), as

0 192
L= ) Z[%] L2/, (g1, (=) + GP ], (100)

h=—00 w=%

where G (x) is a function satisfying, for any N > 0, the bound

)/2h

G| <Cy—F——.
OOl = v

(101)

The Fourier transform of Q€ (x) is continuous; the same is true for cos(2prx) Q¢ (x), around
p = 0, thanks to the bound (6.45) of [17] (where k = p — 2pF is bounded for p small).
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On the other hand we can write

IR z[

h=—o00 w=%

] (840 X8, (—%) + GPM] + G (), (102)

where G (x) satisfies a bound similar to (101), as well as G (X), which is given by graphs
with at least one propagator of scale > 1. Using (76), (79) and (94), we get

0

c
D e / dx— "= <Ci,  (103)
L+ (/" 1xD)

h=—00

‘ f dxe™[Qb(x) — GY;7, (%] <

which proves (43).
It remains to prove the three equations (44); let us consider the first. If 0 < k¥ <
Ipl, IK'|, K — p| <2k, in §2.4 of [21] (see (2.63) of [21]) the following bound was proved,

‘Gf;‘(k/ +p% K +p+pp)| <

(104)

2-2n"°

which is of course valid even for G* m (K', k' + p). Moreover, if we choose the parameters
of the continuum model as before, we can show, by using again (76), (79) and (94), that
the difference R(k', k' + p) between G2!(k' + p%. K + p + p%) and G}, (K. K +p) is
given by a summable sum of terms, each bounded by the r.h.s. of (104) times a factor y?/
On the other hand, if &, = log, (k) is the scale of the external fermion propagators, each
term of the expansion must have at least one propagator of scale iy < h,; see (2.61), (2.62)
of [21] for a more detailed description of the expansion. Hence, we can write, for j > hy,
y? = ?y?U~") and we can absorb the factor y?U~"%) in the bound, thanks to the short
memory property. It follows that

b
A ! « ! w ! 1 K
|G (K +p3. K +p+pp) = Gy (K. K +p)| < Co (105)

from which the first of (44) is obtained; the second and the third of (44) are proved by similar
arguments.

Appendix A: Derivation of the Ward Identities (39)

Let us define ¢, = [V, =¥, ¥y, and let us consider the functional (37). By

proceeding as in §2.2 of [18] we can show that, by performing in (37) the change of the
variables V5 — e*/@xo the following identity is obtained:

XU.)’

1
~Z) / Po(dV)[=ZDipug + Z8TygJe™ " VAR Jixharse - (106)

where D, = 9y + iwd,, Z(J) =exp[W(J)] and

T, = z(kJr k™ )XC k+ Kk~ L 107
, (Lﬂ)z kgi (S S T (107)
Co(@,P) =[x,y ® — 11Du(P) = [x; 5 (@ — 11D, (@) (108)
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Note that Xz,ile/ (p) is not well defined for all values of p and indeed, in order to give a mean-
ing to the previous definition, we have to make a further regularization, which is also needed
to correctly exploit the gauge invariance of the “Lebesgue Grassmann measure”. This regu-
larization, which has no important role in the following arguments, is discussed in detail in
§2 of [18].

We now perform one functional derivative with respect to Jy ., in the r.h.s. of (106), then
we put J = 0 and we take the Fourier transform. By some trivial algebra, we get the two
identities, valid for p # 0 and for any t:

Dy,(P)Go.o(P) — T Do(P) D—,(P)G—0,s(P) = Ry.1 (P),

) (109)
D—w(p)G—w,w(p) -7 UO(p)Dw(p)Gw,w(p) = RN,Z(p)’
where
32 Wy 3°W,

R = , R = 110
v.1(P) 0ap 0 J_p o lJ=a=0 v.2(P) 0ap _0J_p o 1 /=a=0 (110)

and
eWA(a,n,J):/Pz(dw)eﬂ;w)(ﬁd/)_i_Z/‘dX Jxop e[AofrAJ(on/f)’ (111)

with

dqdp ~ ey

Aolar, §) = Z Gy Co @ P pa Ty (112)

d L
Awn=3 f o )E D_o®— Dio®— Vg potly Ty (13)

Note that the terms proportional to T in (109) are obtained by adding and subtracting them
to the identities one really gets; they are in some sense two counterterms, introduced to
erase the local marginal parts of the terms in the effective potential proportional to oy 4 Ox.e»
produced by contracting the vertex Ay with one or more A vertices. As shown in [21, 22],
the introduction of a non local interaction (still gauge invariant) in the continuum model,
makes it possible to calculate them explicitly. Hence, the proof of (39) is equivalent to the
proof that, if T = Ay /4mc and p # 0, then

. 1 .
4}%}@00 Ry1(p)=— ImcZ? D_,(p), 7]71[1\}300 Ry 2(p) =0. (114)
This result is achieved by using the technique explained in §4 of [15], that we shall now
briefly explain.

The functional W, is analyzed, as always, by a multiscale integration and a tree expan-
sion; we get

1 dk N A -~
Rea® =75 [ 55 Cok. k—p)2l a2l Yk —p) + Ry (p), (115)

where Ry (p) is given by the sum over all graphs with at least one A vertex, while the first
term in (115) is the O order contribution, coming from the contraction of the vertex §7x ,
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with the vertex py ,,. It is easy to show that, if p #0,

. dk AUN) s A(LN) 1
lim f otk k= DEL WE k=D = =D @. (116

—I,N—oco JTC

Hence, to complete the proof, we have to show that, if p % 0, Ry(p) and Ry »(p) vanish
in the removed cutoffs limit, thanks to the choice of the counterterm 7 A_. This result is
obtained by a slight extension of the analysis given in §4 of [15] for a similar problem; we
shall give some details, for people who have read that paper.

First of all, the sum over the graphs, such that one of the fermionic fields in Ag or A_ is
contracted at scale /, can be bounded by Cy*|p|~!, hence it vanishes as [ — —oo, if p is kept
fixed at a value different from 0. Moreover, the sum over the other graphs, called Iél, (),
can be written as

N
Rin) =) _K{®O 4 op=™), (117)
k=0

where K (Al;zm"s)(k) are the kernels of the monomials with one « field, 2m  fields and s
J-fields in the effective potential, after the integration of the scales N, N — 1, ...k, while the
last contribution comes from the trees with the root at a negative scale. The kernel K (Al;zm;s)(k)
can be decomposed as in Fig. 4.1 of [15] (with the analogue of the terms d and e missing
and a wiggling line in place of the two fermion external lines). By proceeding as in the proof
of (4.33)—(4.41) of [15], we can see that

KA V0L < Claooly ™y 770 (118)
It follows that IéN(p) = 0 vanishes in the removed cutoffs limit; the same is true for
R> y(p) =0, as we can prove in a similar way.
Appendix B: Commutation Rules and Ward Identities

Let us consider the model (21) and let us introduce the density and the current operators (see
e.g. [12]):

1
Ox —Sﬁ—i-z:aja;, xez,
(119)
1 .
Jo = S;S)%H - S)%S;H = Z[a;+lax_ —afa; 1=vpj.
As it is well known, the functions Gi’l (x,y,z) and G?’l (X, y, z) can be written as
G2'(x,y,2) = (T[pxay a, 1)1.p,
o Xy Ta ILE (120)

Gr'(x.y.2) = (Tljxay a; 1)1z,

where (-); g denotes the expectation in the Grand Canonical Ensemble, T is the time-
ordered product and

xoH —xoH + xoH £+ —xoH
px = €07 p e 0 ag; =ea;e 07, (121)
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The above definition of the current is justified by the (imaginary time) conservation equa-
tion

dp x _Hx, . .
a_xx :eH O[H’ px]e Hxo — _la)(;l)-lx = _l[-]x,xo - fol,xo]s (]22)
0

where an important role plays the fact that

1 - _
[H, p.]=[Hr, px], Hrz—i[ajaM +af,a;], (123)
a property which is not true for J,.
By using (122) and some trivial calculation, one gets the identity

ad
a—xOGf;l(x, y.2) = —ivpd"GY (x.y.2)

+8(x0 — 20)8,.:G*(y — X) — 8(x0 — Y0)8, , G*(x — 7). (124)

Let us now take the Fourier transform of the two sides of this equations. The renormalization
group analysis described in this paper implies that we can safely take the limit L, 8 — oo
of CA;f; l(k,k + p), if p and k — p% are different from zero. Hence we get the identity (48),
under the conditions on the momenta of Lemma 1, for any value of «.

In the same way we derive a WI for the density-density correlations. First we observe
that G%j,(x, ¥) = (T[pxpyl) 1 p; then, by using (122), we get

0 .
a—xOG%i, (x,y) = —ivpd’ GI2 (%, y) + 8(x0 — Yo){[P.v0) Py ) .p (125)
where G%(X, y) is defined in a way similar to G%_l;7 (x,y), that is by using the definition in
the last line of (27), with Jy in place of Jy. Let us now take the Fourier Transform; since
[P(x,x0)> P(y,xg)] = 0, we get, in the limit L, 8 — oo, under the conditions on the momenta of
Lemma 1, the identity:

—ipoGY2(p) — i (1 — ¢ P)opG % (p) = 0, (126)

which implies (50).

Remark The WI (48) and (126) could also be obtained by doing in (24) the change of
variables V= — eF*y:% and by proceeding as in Appendix A for (37). However, in this
case the analysis of the corrections is much easier, since the ultraviolet problem involves
only the kj variable; it is indeed very easy to prove that the corrections vanish in the M — oo
limit.

Appendix C: First Order Calculation of Z® and Z®

In this appendix we show, by an explicit first order calculation, that the values of Z® and
Z® introduced in the proof of Lemma 1, after (89), are different, as stated before (97).
Z® is defined so that lim_, oo Zf) / Z,(il) =1, see (94). On the other hand, at the first

order, Z;ll) =1+ «;, where «;, is the sum of the values of the two Feynmann graphs of
Fig. 1, calculated at p =0 and k = p% = (0, wpF) (the result is independent of ).
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Fig. 1 The first order
contributions to the
renormalization constants - =~

By a simple calculation, we get, in the limit M, L, 8 — oo,
dk . . .
=2 [ —2g<fh><k)2[—v<0) ik — wpp)]
(2m)

_ _ ﬂﬂ dkO A<>h)
= zx/O o0 | (2) (K)*[—20(0) + D(k — pr) + Ok + pr)],  (127)

where gEM (k) =gV (k) + Y, 3 i g(j 'k —p F) is the propagator with infrared cutoff
at scale /1, see (61). Note that, if |k — o' pr| >y, §EP(K) = [—iko + (vs/vF)(cOs pr —
cosk)]~! and that, if ey # 0, fdko[—iko +¢9]72 =0. It follows that, if £ = ",

ADO) — D2 Vi 1
P )27T 1;( pF)]/ /\/ﬁ Vi T 0 (128)
so that
o= lim o= _W. (129)

A similar calculation can be done for Z;f); in fact, in this case, there is no term corresponding
to the second graph in Fig. 1, while the contribution corresponding to the first one, with the
external fermion propagators of index w, is given by

(2 5 a0, (130)

with gth M (k) defined as in (31). However, by the symmetry (88), the integral above vanishes
for any N; hence, at the first order, Z\ = Z®, which implies that Z® =1 +«a_o, + O (12).

A similar procedure can be followed for the first order calculation of Z®. Let us consider
first Z,(l]); since va(k) = sinkalfal:, we see immediately that Z,El) =1+ limy— o ®Bh.w,
where B, is obtained from (127) by inserting in the integrand a factor sink/vg. It follows
that

Bhw =— 27 in f = —— MK’ [D(k — wpF) — Dk +wpF)],  (131)

vr Jo (2m) o (1)
so that
A[0(0) —D(2
lim wpy, = 0O =0C@POL (132)
h——o0 271’US

On the other hand, we get as before that, at the first order, Z;f ) = 7Z®: hence Z® =
1 —a_o + OX2).
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Appendix D: Comparison with the Luttinger Model

In the case of the Luttinger model, we can repeat the analysis leading to Lemma 1 and we
can deduce two WI for the Luttinger model, which are similar in the form to (45), (46). If
we call G =p,Jj,and G ., the correlation functions analogous to G%'  and G2

L .o, w @ fh o, th,w?
we get the identities
—ipo G7L (k. k+p)+wp 5,67 (k. K+p)
A (G2, — G2, (k+pP][l+0K")]
= — K .
(1 _ T)Z L.w L.w p
(133)

—ipo G7, (k. k+p) +wp iyGT! (K k+p)
7(3)

— A2 M 9
= T3z L0te® =~ G & +p]ll+ 06"],

v, and vy being defined as in (47). On the other hand, exact WI for the Luttinger model can
be obtained from the anomalous commutation relations, see e.g. [12]. In our notation, we
can write, if o = A /(2mvp) and Ay is the Luttinger coupling,

- ipoéi"p;wa«, k+p)+ovep(1—0)Gyl (K k+p)]

_G12h w(k) - lh w(k+p)

(134)
- ipocf,;‘,.:gk, k+p) +ovrp(l+0)G7) (k k+p)]
=G} (k) — Grro(k+p).
By comparing (133) with (134), we get:
) 73 5 73
v./=vs%=v1r(l—o), UN:US%:UF(l‘i‘U)’ (135)
and
73 V45
SR — =1 (136)
(1-0Z 1+0Z

The first identity in (136) implies, as in the quantum spin chain case, that k = K /(mvy).
Moreover, the identities (135) imply that

vy =vry/ (1 —02), (137)

while (136) and (52) imply that

VAS
— = =K, (138)
73 1+
the relation between K and 7 = A/ (47 v,) being the same as in the quantum spin model.
On the other hand, (135) and (137) imply also that ;E%; = 1 —2; hence we have an explicit
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expression of K in terms of o, that is:

l1—0o
K= . 139
1+o (139)

Note that (137) and (139) allow us to represent explicitly vy, and K, which depend only
on the large distance behavior of the model, in terms of the “bare” quantities A, and vg.
This result is strictly related to the second identity in (136), which is missing in the spin
model, where it is replaced by the identity v, = vg, see (49). For the same reasons, the
above equations imply also that, in the Luttinger model, the following identities are true,

iy =v, K7L, 7, =v,K. (140)

Note that these relations are also verified by the quantities v; and vy, introduced by Haldane
in [8, 9], but they are certainly not true in the spin model (3). In fact, in the XY Z case one
has, from the second of (49), that v, is A-independent, while v, K is not, as it is evident from
(19) and (20). The relation (54) is however valid also for the lattice model (3).
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